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ESTIMATES OF THE KOBAYASHI AND
QUASI-HYPERBOLIC DISTANCES
NIKOLAI NIKOLOV AND LYUBOMIR ANDREEV
Abstract. Universal upper bounds for the Kobayashi and quasi-
hyperbolic distances near Dini-smooth boundary points of domains
in Cn and Rn, respectively, are obtained.
1. Introduction and results
Let D be a domain in Cn. The Kobayashi (pseudo)distance kD is the
largest (pseudo)distance not exceeding the Lempert function
lD(z, w) = inf{tanh−1 |α| : ∃ϕ ∈ O(D, D) with ϕ(0) = z, ϕ(α) = w},
where D is the unit disc. Note that kD is the integrated form of the
Kobayashi (pseudo)metric
κD(z;X) = inf{|α| : ∃ϕ ∈ O(D, D) with ϕ(0) = z, αϕ′(0) = X}.
We also point out that kD = lD for any domain D in C.
Various estimates of invariant distances and metrics play crucial role
in many questions in complex analysis.
Set dD(z) = dist(z, ∂D). Recall the following upper bound for kD.
Proposition 1. [2, Proposition 2.5] Let a be a C1+ε-smooth boundary
point of a domain D in Cn. Then there exist a neighborhood U of a and
a constant c > 0 such that for z, w ∈ D ∩ U,
2kD(z, w) < log
(
1 +
|z − w|
dD(z)
)
+ log
(
1 +
|z − w|
dD(w)
)
+ c.
This easily implies the next corollary.
Corollary 2. Let D be a C1+ε-smooth bounded domain in Cn. Then
there exists a constant c > 0 such that
2kD(z, w) < log
(
1 +
|z − w|
dD(z)
)
+ log
(
1 +
|z − w|
dD(w)
)
+ c.
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The following weaker inequality holds for lD.
Proposition 3. [6, Theorem 1] Let D be a C1+ε-smooth bounded do-
main D in Cn. Then there exists a constant c > 0 such that
2lD(z, w) < − log dD(z)− log dD(w) + c.
Note that C1-smoothness is not enough for the last two inequalities.
Example 4. [6, Example 2] The image of D under the (univalent) map
z 7→ 2z+(1−z) log(1−z) is a C1-smooth bounded domain D for which
lim
R∋z↑2
(2kD(z, 0) + log dD(z)) = +∞.
Recall now that the simple inequality κD(z;X) ≤ |X|
dD(z)
shows that
the Kobayashi distance does not exceed the quasi-hyperbolic distance
hD(z, w) = inf
γ
∫
γ
|du|
dD(u)
,
where the infimum is taken over all rectifiable curves γ in D joining z
to w (by [4, Lemma 1], the infimimum is attained). The definition of
hD in the real case is the same. This distance arises in the the theory
of quasi-conformal maps.
We have more if C1-smoothness is required (despite Example 4).
Proposition 5. (a) If a is a C1-smooth boundary point of a domain D
in Cn, then
lim sup
z,w→a
z 6=w
kD(z, w)
hD(z, w)
≤ 1
2
.
(b) If D is a C1-smooth bounded domain in Cn, then
lim sup
z→∂D
kD(z, w)
hD(z, w)
≤ 1
2
uniformly in w 6= z.
Set sD(z, w) = 2 sinh
−1 |z − w|
2
√
dD(z)dD(w)
. Note that hD = sD if D is
a half-space in Rn (cf. [8, (2.8)]).
Proposition 6. (a) If a is a C1-smooth boundary point of a domain D
in Rn, then
lim
z,w→a
z 6=w
hD(z, w)
sD(z, w)
= 1.
(b) If D is a C1-smooth bounded domain in Rn, then
lim
z→∂D
hD(z, w)
sD(z, w)
= 1 uniformly in w 6= z.
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Let qD(z, w) =
hD(z, w)
sD(z, w)
if z, w ∈ D, z 6= w, and qD(z, w) = 1
otherwise. Since lim
z,w→u
z 6=w
qD(z, w) = 1 for any u ∈ D, Proposition 6 (b)
means that qD is a continuous function on R
2n.
Our main purpose is, refining the proof of Proposition 1, to extend
this proposition in two directions. First, we put the constant c > 0 in
front of the factor |z − w| which agrees to the case z = w. Moreover,
we choose c to be universal. Second, we replace the C1+ε-smoothness
by the weaker assumption of Dini-smoothness.
Recall that a C1-smooth boundary point a of a domainD in Cn is said
to be Dini smooth (or Lyapunov-Dini smooth) if the inner unit normal
vector n to ∂D near a is a Dini-continuous function. This means that
there exists a neighborhood U of a such that
∫
1
0
ω(t)
t
dt < +∞, where
ω(t) = ω(n, ∂D ∩ U, t) := sup{|nx − ny| : |x− y| < t, x, y ∈ ∂D ∩ U}
is the respective modulus of continuity.
For c > 0 set
vcD(z, w) = 2 log
(
1 +
c|z − w|√
dD(z)dD(w)
)
.
By [1, Theorem 1.1], vcD is a distance if c ≥ 2. Let c0 = 1 +
√
2
2
.
Theorem 7. Let a be a Dini-smooth boundary point of a domain D in
Cn, resp. Rn. Then for any constant c > c0 there exists a neighborhood
U of a such that on (D ∩ U)2,
2kD ≤ vcD, resp. hD ≤ vcD.
Corollary 8. Let D be a Dini-smooth bounded domain in Cn, resp.
Rn. Then there exists a constant c > c0 such that
2kD ≤ vcD, resp. hD ≤ vcD.
Note now that hD has a minorant iD for which v
1/2
D ≤ iD ≤ sD ≤ v1D.
Proposition 9. [3, Lemma 2.6] If D is a proper subdomain of Rn, then
hD(z, w) ≥ iD(z, w) := 2 log dD(z) + dD(w) + |z − w|
2
√
dD(z)dD(w)
.
Observe that hD = iD if D ⊂ R (then D is an open interval or ray).
The next corollary is a consequence of Theorem 7, Corollary 8 and
Proposition 9.
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Corollary 10. If a is a Dini-smooth boundary point of a domain D in
Cn, then
lim sup
z,w→a
(2kD(z, w)− hD(z, w)) ≤ 2 log(2 +
√
2).
Therefore, if D is a Dini-smooth bounded domain in Cn, then the
function 2kD − hD is bounded from above.
The next proposition shows that iD is a distance. Then the equality
lim
z,w→u
z 6=w
iD(z, w)
|z − w| =
1
dD(u)
implies that hD is the intrinsic distance of iD;
in particular, hD ≥ iD.
Proposition 11. If X is a metric space and f : X → R+ is an 1-Lip-
schitz function, then ρ(z, w) = log
f(z) + f(w) + |z − w|
2
√
f(z)f(w)
is a distance.
The rest of the paper is organized as follows. Section 2 contains
the proof of Propositions 5, 6 and 11. Section 3 contains the proof of
Theorem 7. Section 4 is devoted to an application of Corollary 8 to
boundary continuity of proper holomorphic maps.
2. Proofs of Propositions 5, 6 and 11
Proof of Proposition 5. We shall use that if a ∈ ∂D is C1-smooth, then
(cf. [5, (2)])
(1) lim sup
z→a
max
|X|=1
κD(z;X)dD(z) ≤ 1
2
.
First, we shall prove (b). By (1), for any c > 1/2 there exists a
neighborhood U of ∂D such that
2κD(z;X)dD(z) ≤ c|X|, z ∈ D ∩ U.
Consider a geodesic γ of hD joining z ∈ D ∩U and w ∈ D. If γ ∈ U,
then kD(z, w) ≤ chD(z, w). Otherwise, let u and v be the first and the
last points, where γ meets ∂U (possible u = v). Then
kD(z, w) ≤ chD(z, w) + kD(u, v).
Since lim
z→∂D
inf
u∈D\U
hD(z, u) = +∞ by Proposition 9, it follows that
lim sup
z→∂D
kD(z, w)
hD(z, w)
≤ c uniformly in w 6= z.
It remains to let c→ 1/2.
The proof of (a) is the same, choosing a respective neighborhood U
of a.
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Proof of Proposition 6. (a) After translation and rotation, we may
assume that a = 0 and that there is a neighborhood U of 0 such that
D′ := D ∩ U = {x ∈ U : r(x) := x1 + f(x′) > 0},
where f is a C1-smooth function in Rn with f(0) = 0 and ∇f(0) = 0.
Let c > 1 and θ(x) = (r(x), x′). We may shrink U such that
(2) c−1|x− y| ≤ |θ(x)− θ(y)| ≤ c|x− y|, x, y ∈ U.
Choose now a neighborhood V ⊂ U of 0 such that dD′ = dD on
D∩V. Using, for example, [4, Theorem 2], one can find a neighborhood
W ⊂ V of 0 such that any geodesic for hD(z, w) belongs to D ∩ V if
z, w ∈ D˜ = D ∩W. Then hD = hD′ on D˜2.
Set Π = {x ∈ Rn : x1 > 0} and Π′ = θ(D′). Using the above
arguments, we may shrink W such that hΠ = hΠ′ on (θ(D˜))
2.
On the other hand, (2) implies that (cf. [8, Exercise 3.17])
c−2hD′(z, w) ≤ hΠ′(θ(z), θ(w)) ≤ c2hD′(z, w), z, w ∈ D′.
Let z, w ∈ D˜. Then
c−2hD(z, w) ≤ hΠ(θ(z), θ(w)) ≤ c2hD(z, w).
Using (2) again, we get that
hΠ(θ(z), θ(w)) = 2 sinh
−1 |θ(z)− θ(w)|
2
√
rD(z)rD(w)
≤ 2 sinh−1 c
2|z − w|
2
√
dD(z)dD(w)
≤ c2sD(z, w).
We obtain in the same way that
hΠ(θ(z), θ(w)) ≥ c−2sD(z, w).
So
c−4hD(z, w) ≤ sD(z, w) ≤ c4hD(z, w)
which implies the desired result.
(b) It is an easy consequence of (a) and we omit the details.
Proof of Proposition 11. ρ(z, u) + ρ(u, w) ≥ ρ(z, w)⇔
f(z) + f(u) + |z − u|
2
√
f(z)f(u)
·f(u) + f(w) + |u− w|
2
√
f(u)f(w)
≥ f(z) + f(w) + |z − w|
2
√
f(z)f(w)
⇔ (f(z) + f(u) + |z − u|)(f(u) + f(w) + |u− w|)
≥ 2f(u)(f(z) + f(w) + |z − w|)
⇔ (f(z)− f(u) + |z − u|)(f(w)− f(u) + |w − u|)
+2f(u)(|z − u|+ |u− w| − |z − w|) ≥ 0.
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The last inequality holds, since all factors are nonnegative.
3. Proof of Theorem 7
First, we shall prove the result for kD.
We may find a neighborhood V of a and a number s > 0 such that:
– ω = ω(n, ∂D ∩ V, ·) is a Dini-continuous function;
– if b ∈ ∂D ∩ V and φb(τ) = b+ τnb (τ ∈ C), then φb(3sD) ⊂ V, and
Db := φ
−1
b (D ∩ V ) = {τ = ζ + iη ∈ φ−1b (V ) : ζ + fb(η) < 0};
– ωb ≤ ω, where ωb is the modulus of continuity of f ′b on (−2s, 2s).
Note that ω∗ = supωb is an subadditive function. Then its modulus
of continuity does not exceed ω and hence ω∗ is Dini-continuous. So,
we may find a Dini-smooth domain G, symmetric with respect to the
real axis, such that
D∗ ∩ sD ⊂ G ⊂ D∗ ∩ 2sD ⊂ Db,
where D∗ = {τ ∈ C : ζ +
∫ |η|
0
w∗(t)dt < 0}.
Note that there a conformal map θ : G→ D which extends to a C1-
diffeomorphism from G to D (cf. [7, Theorem 3.5]). We may assume
that θ(G ∩ R) = (−1, 1).
Let now 2c1 ≥ q > 1. Choose a ball U of radius r ≤ s
2c1q2 + 1
centered at a such that if z ∈ D ∩ U, then dD(z) = |z − z′| for some
z′ ∈ ∂D ∩ V. For z, w ∈ D ∩ U set
z˜ = z + c1q
2|z − w|nz′, zˆ = dD(z), zˇ = dD(z) + c1q2|z − w|.
Then zˆ, zˇ ∈ G and φz′(zˆ) = z, φz′(zˇ) = z˜. Hence
kD(z, w)− kD(z˜, w˜) ≤ kD(z, z˜) + kD(w, w˜)
≤ kG(zˆ, zˇ) + kG(wˆ, wˇ) ≤ kD(θ(zˆ), θ(zˇ)) + kD(θ(wˆ), θ(wˇ)).
Since
kD(α, β) =
1
2
log
(
1 +
2(α− β)
(1− α)(1 + β)
)
, −1 < β ≤ α < 1,
lim
ν→0
dD(θ(ν))
dG(ν)
= |θ′(0)|, lim
u→a
dG(uˆ)
dD(u)
= 1,
we may shrink r such that
(3) kD(z, w) ≤ kD(z˜, w˜)+ 1
2
log
(
1 +
c1q
3|z − w|
dD(z)
)(
1 +
c1q
3|z − w|
dD(z)
)
.
To estimate kD(z˜, w˜), we shrink r once more such that
|nz − nw| ≤ q − 1, |z˜ − z′| ≤ qdD(z˜), |w˜ − w′| ≤ qdD(w˜).
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Then
|z˜ − w˜| ≤ q|z − w| < c−11 min{dD(z˜), dD(w˜)} ≤ dD(z˜) + dD(w˜).
Choosing V convex, it follows that [z˜, w˜] ⊂ V. By (1), we may shrink
V such that
2κD(u;X)dD(u) ≤ q|X|, u ∈ D ∩ V.
Now, we shall proceed as in the proof of [3, Lemma 2.1]. There is a
point ϑ in the complex line through z˜ and w˜ such that |ϑ− z˜| = dD(z˜)
and |ϑ− w˜| = dD(w˜). If γ = [z, w], then
tanh kD(z˜, w˜)
q
≤ tanh kD(z˜, w˜)
q
≤ tanh
∫
γ
|du|
2dD(u)
≤ tanh
∫
γ
|du|
2|u− ϑ| =
|z˜ − w˜|
dD(z˜) + dD(w˜)
≤ q
2|z − w|
|z˜ − z′|+ |w˜ − w′|
=
q2|z − w|
dD(z) + dD(w) + 2c1q2|z − w| ≤
q3|z − w|
dD(z) + dD(w) + 2c1q3|z − w| .
It follows from here and (3) that
2kD(z, w) ≤ pD(z, w, c2) := log g(c2, γ, δ)
γδ
,
where c2 = c1/q, γ =
dD(z)
q4|z − w| , δ =
dD(w)
q4|z − w| (z 6= w) and
g(γ, δ, c2) = (c2 + γ)(c2 + δ)
2c2 + 1 + γ + δ
2c2 − 1 + γ + δ .
Assume for a while that pD(z, w, c2) ≤ vcD(z, w), where c = c˜0q3.
This means that g(γ, δ, c2) ≤ (
√
γδ + c˜0)
2. Letting γ, δ → 0, we obtain
c2
√
2c2 + 1
2c2 − 1 ≤ c˜0.
Letting γ → 0, q → 1 with δ = γ + q4, we get c2 + 1 ≤ c˜0. Thus
c˜0 ≥ min
c2>1/2
max{c2
√
2c2 + 1
2c2 − 1 , c2 + 1} = c0
and c˜0 = c0 ⇔ c2 =
√
2/2.
Note now that
g(γ, γ+1, c2)−g(γ, δ, c2) = γ + 1− δ
2c2 − 1 + γ + δ (2c
2
2−1+3c2γ+c2δ+γ2+γδ).
Let c2 ≥
√
2/2. Since δ < γ + 1, it follows that
g(γ, δ, c2) < g(γ, γ + 1, c2) = (γ + c2 + 1)
2.
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So, 2kD ≤ vcD on (D ∩ U)2, where c = c0q3.
The result for hD can be obtained in the same way. If n = 1, then
hD = iD ≤ v1D.
Let n ≥ 2. We may choose G to be convex which implies that
2dGκG(·; 1) ≥ 1 and hence 2kG ≥ hG. Then we may proceed as above.
4. An application of Corollary 8
The next result is inspired by [2, Theorem 1.1] and [10, Theorem
4.1].
Proposition 12. Let D be a Dini-smooth bounded domains in Cn with
a negative plurisubharmonic function uD ≥ −dD.1 Let G be a convex
Dini-smooth bounded domains in Cn such that ∂G ∩ TCb ∂G = {b} for
any b ∈ ∂G. Then every proper holomorphic map f : D → G extends
to a continuous map from D onto G.
Proof. Assume the contrary. Then one may find sequences (zkj )j ⊂ D
(k = 1, 2) such that for wkj = f(z
k
j ),
lim
j→∞
zkj = a ∈ ∂D, lim
j→∞
wkj = b
k ∈ ∂G, b1 6= b2, w1j 6= w2j .
By [10, Lemma 3.5] and Corollary 8, there is a constant c > c0 for
which
− log(cdG(w1j )dG(w2j )) < 2kG(w1j , w2j ) ≤ 2kD(z1j , z2j ) ≤ vcD(z1j , z2j ).
On the other hand, v(w) = max{u(z) : z ∈ f−1(w)} is a plurisubhar-
monic function onG. Since the Hopf lemma holds onG (cf. [9, Theorem
3.5]), we may increase c such that dG ◦ f < −
√
cv ◦ f ≤ √cdD. Then
1 < c
√
dD(z1j )dD(z
2
j ) + c
2|z1j − z2j |
which is impossible for any j large enough.
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